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Abstract 

We analyze the role played by anomaly poles in an anomalous gauge theory by dis- 
cussing their signature in the corresponding off-shell effective action. The origin of these 
contributions, in the most general kinematical case, is elucidated by performing a com- 
plete analysis of the anomaly vertex at perturbative level. We use two independent (but 
equivalent) representations: the Rosenberg representation and the longitudinal/transverse 
(L/T) parameterization, used in recent studies of 5 — 2 of the muon and in the proof 
of non-renormalization theorems of the anomaly vertex. The poles extracted from the 
L/T parameterization do not couple in the infrared for generic anomalous vertices, as 
in Rosenberg, but we show that they are responsible for the violations of unitarity in 
the UV region, using a class of pole-dominated amplitudes. We conclude that consis- 
tent formulations of anomalous models require necessarily the cancellation of these polar 
contributions. Establishing the UV significance of these terms provides a natural bridge 
between the anomalous effective action and its completion by a nonlocal theory. Some ad- 
ditional difficulties with unitarity of the mechanism of inflow in extra dimensional models 
with an anomalous theory on the brane, due to the presence of anomaly poles, are also 
pointed out. 
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1 Introduction and Summary 



One of the subtle features of the axial anomaly is the presence of massless poles in the corre- 
sponding AVV correlator, which show up in special kinematical regions and in the chiral limit, 
and whose interpretation is at times rather puzzling. In fact, on several occasions the correct 
interpretation of these singularities have been debated at length [Il[2]. Our interest in the topic, 
which is one of our reasons and motivations for this analysis, has been the result of a recent 
work in which we have suggested the subtraction of the anomaly pole in theories involving 
anomalous f/(l)'s to ensure anomaly cancellation, by defining a new gauge invariant vertex 
[3]. The re-defined vertex is non-local, while its Ward identity is expressed in terms of local 
interactions and can be interpreted diagrammatically by introducing a massless pseudoscalar - 
an axion field - coupled to gauge fields via Wess-Zumino terms. This coupling is induced by the 
anomaly and the subtraction of the anomaly pole is expected to represent the only consistent 
way by which a completion of an anomalous theory is supposed to work in the UV region. 

However, as known from several previous studies of this vertex, the presence of a longi- 
tudinal pole in an anomaly diagram has always been established only for special kinematical 
configurations and this raises a serious concern regarding the meaning of the subtraction, in- 
troduced to restore the Ward identity at high energy, a subtraction which should be naturally 
performed by the UV completion of the anomalous theory. The main objective of this work is 
to show that the effective action of an anomalous gauge theory is affected by singularities which 
are not necessarily detected using a dispersive analysis in the infrared (IR) [3] (see also [S] for 
a recent study), and as such are IR decoupled. These additional poles, which account for the 
anomaly, can be extracted by a complete computation of the effective action and have a direct 
ultraviolet UV significance. For this reason, assessing the UV significance of an anomaly pole, 
whose identification, in the past, has always been linked to the infrared (IR) using a spectral 
approach, certainly helps in establishing a natural link between an anomalous theory and its 
completion, which should guarantee the cancellation of these contributions. 

To show the existence of these singularities under the most general kinematical conditions 
we proceed with a complete and comparative study of the anomaly diagram in two different 
parameterizations which are both essential in order to understand the nature of the longitudinal 
subtraction. In fact, only a complete and off-shell computation of the effective action for an 
anomalous theory allows the identification of these terms which escape detection with the usual 
spectral analysis. The nature of these additional singularities of the effective action which, in 
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some cases, are not evident due to the presence of Schouten relations, is resolved by studying a 
special class of amplitudes in which the presence of a pole dominance can be immediately linked 
to a non unitary behaviour of the theory. Having clarified these points, we proceed by discussing 
the structure of the anomalous effective action of a typical anomalous theory, represented by 
expansions in the fermion mass (m). This can be viewed as the generalization to the anomalous 
case of the usual Euler-Heisenberg effective action, which now contains additional (anomalous) 
trilinear interactions that are absent in the QED case, due to C-invariance. 

Then we turn to a brief discussion of anomaly poles in theories with extra dimensions. In 
this case we briefly point out that a mechanism of inflow which does not erase the anomaly poles 
of the effective (anomalous) theory localized on the brane, may run into additional difficulties 
with unitarity, besides the well-known ones [6l[7[[H] which imply a truncation on the KK modes. 
The example of a simple S1/Z2 compactification of a 5-D gauge theory with an inflow generated 
by a 5-D Chern-Simons term, following closely the construction of [9J, is brought up to illustrate 
our point. We conclude with some perspectives on how to extend our studies of pole dominance 
to other situations, such as in the conformal anomaly, which could help in supporting quite 
independently our results. 

2 Anomaly poles and general kinematics: the Rosenberg 
case 

One of the intriguing features of the anomaly diagrams is that the poles are part of the anomaly 
amplitude only under some special kinematical conditions. For instance, the vr — 77 (pion pole) 
amplitude interpolates between the axial vector current {Ja) and two vector currents (Jy) 
and saturates the anomaly contribution (if we neglect the pion mass) given by the (JaJvJv) 
perturbative correlator. This saturation is at the basis of 't Hooft's matching conditions, 
according to which the anomaly of the fermions should be reproduced by a composite particle 
(a pseudoscalar) in a confining theory (see also the discussion in [5]). In general, the pole 
appears by solving the anomalous Ward identity for the corresponding amplitude, A^^'^(fci, /C2) 
(we use momenta as in Fig. [T]with k = ki + k2) 




(1) 
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rather trivially, using the longitudinal tensor structure 

A^^'' = WL = a^^e>'''''f'h^k2f3, (2) 

where a„ = — z/27r^ denotes the anomaly. The presence of this tensor structure with a 
behaviour is the signature of the anomaly. This result holds for an AVV graph, but can be 
trivially generalized to more general anomaly graphs, such as AAA graphs, by adding poles in 
the invariants of the remaining lines, i.e. l/kf and by imposing an equal distribution of 

the anomaly on the three axial-vector legs of the graph. 

Obviously, in the chiral limit, the triangle amplitude and the pole amplitude coincide only 
if the two photons are on-shell. In fact, as shown by Dolgov and Zakharov pi)], the pole 
dominance requires a special kinematics. For this reason, the pole has a nonvanishing residue 
only for massless photons. This, in fact, sets a limit on the validity of the matching, since the 
perturbative correlator and the pole amplitude are not supposed to coincide for any virtuality 
of the photons. 

2.1 UV completions and decoupled poles in the IR 

Being the anomaly closely related to the presence of a pole in the correlation function, the 
subtraction of the anomaly pole from the perturbative amplitude is sufficient to restore the 
Ward identities of the theory. For this to occur one has to show that the correlator has 
always an anomaly pole, which is not obvious. The main goal of this study is to show that 
the correlator responsible for the chiral gauge anomaly is always (i.e. under any kinematical 
conditions) characterized by the presence of a pole, and to provide an interpretation of this. 

We recall that anomaly poles have been identified via an analysis in the IR which shows 
that the anomalous correlator has indeed a pole characterized by a nonvanishing residue. In 
fact, the IR coupling of the pole present in the correlator is, for a standard IR pole, rather 
obvious since the limit 

hm^ k^ A^^"" = k^ an e^'^"^ fci^ ^2/3 (3) 

allows to attribute to the anomaly amplitude a non-vanishing residue. Our main conclusion is 
that anomaly poles should not be searched for only by the usual dispersive analysis, which is 
effective only for standard IR poles, but require a complete off-shell evaluation of the anoma- 
lous effective action. We show that these additional poles are decoupled in the IR, but they 
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Figure 1: Triangle diagram with an axial-vector current (A) and two vector currents (/i, v). The 
momentum parameterization for the direct and the exchange contribution is written here in an explicit 
form for future reference. 



nevertheless control the UV behaviour of the theory. This last point is proved by looking at a 
special class of amplitudes which are pole dominated in the UV and which allow to detect the 
non unitary behaviour of an anomalous theory rather closely. 

For this to happen one needs a separation of the anomaly amplitude into longitudinal 
and transverse components. Our results are based on direct computations, using the two 
parameterizations of the anomaly amplitude mentioned above. We work under the most general 
kinematic conditions, generalizing the L/T parameterization given in [TT] away from the chiral 
limit and showing its exact equivalence to that of Rosenberg. 

We start our discussion by addressing the issue of the extraction of an anomaly pole from 
the Rosenberg form of the anomaly diagram. We review the identification of the independent 
structures of the AVV diagram in this formulation and then move to the L/T decomposition, 
illustrating the connection between the two. 

2.2 Connecting two parameterizations 

In his classic paper Rosenberg provided an expression for the three-point correlator in terms 
of a sum of six invariant amplitudes multiplied by different tensorial structures, denoted by 
Ai, . . . Aq. These are given as parametric integrals and are easily computable only in few cases, 
for example when the external momenta are on-shell (massless) or with symmetric off-shell 
configurations of the two vector lines {k\ = fcg)- We will re-analyze the derivation of the 
amplitude, emphasizing the features of the vertex in the most general case, by focusing our 
attention on the special kinematical limits in which the pole appears. The AVV amplitude 
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with off-shell external lines shown in Fig{T] is therefore written according to [T^ in the form 



with 



Aq^" = Ai{ki, k2)€[ki, /i, u, A] + A2iki, k2)e[k2, fx, u, A] + ^3(^1, k2)e[ki, ^2, >]ki'' 

+ A4,{ki, k2)e[ki, k2, /i, X]k2 + ^5(^1, A;2)£^[A;i, A;2, i^, Ajfcf + A6(A;i, /c2)£^[^i, ^^2, A]A;2 • 

(5) 

The four invariant amplitudes Ai for i > 3 are finite and given by explicit parametric integrals 

m 

^3(^1,^2) = -Ae{k2,ki) = -16n^Iuik,,k2), (6) 
A4(A;i,A;2) = -A,ik2, ki) = Wn^ [hoiki, k2) - hoih, k2)] , (7) 

where the general massive 1st integral is defined by 

nl pl—w 

Ltih, k2) = dw dzw'z^ [z{l - z)kf + w{l - w)kl + 2wz{kik2) - m^] , (8) 
Jo Jo 

whose explicit form will be worked out below. Both Ai and A2 are instead represented by 
formally divergent integrals, which can be rendered finite only by imposing the Ward identities 
on the two vector lines, giving 

Ai{ki,k2) = ki-k2A^{ki,k2) + klA^{k^,k2), (9) 
^2(^1,^2) = klA5{ki,k2) + ki-k2AQ{ki,k2), (10) 

which allow to re-express the formally divergent amplitudes in terms of the convergent ones. 
The Bose symmetry on the two vector vertices with indices yU and u is fulfilled thanks to the 
relations 

A5{kuk2) = -Ai{k2,ki) (11) 
A^{k^,k2) = -A,{k2,k,). (12) 
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2.3 Explicit expressions in the massless case 

To extract the explicit form of the parametric integrals given by Rosenberg, we proceed with 
a direct computation of the invariant amplitudes of the parameterization using dimensional 
reduction. We perform the traces in 4 dimensions and the loop tensor integrals in D dimensions, 
using the common techniques of tensor reduction. We use dimensional regularization with 
minimal subtraction and find, as expected, the cancellation of the dependence of the result 
on the renormalization scale. Therefore, the parametric integral In and the combinations 
-^20 " ho are trivially identified at the end of the computation. The result is expressed in terms 
of elementary functions, except for the function [TH], which is related to one of the 

two master integrals of the decomposition, the scalar massless triangle. We obtain for generic 
virtualities of the external lines 



Ai{s, si, S2) 



^3(5,51,52) 



47r^ 



+ 



$(Sl,S2 



S1S2 [S2 - Si, 



+ Si (S2 - S12) log 



Si 
L S 



S2 
S 



} 



-S2 (si - S12) log 

— — - {-S1S2 [4si2 + 3 (si + S2) S12 + 2S1S2] S2) 



(13) 



-2SS12(T - SSi [2SiS2 + Si2 (3^2 + Su)] log 
-SS2 [sl2 + Si (2S2 + 3Si2)] log — | , 



Si 
L S 



(14) 



A4{s,Si,S2) 



{si [4Si2 + 2 (Si + 2S2) Si2 + 2siS2Si2 + Si (Si - S2) S2] $(si, S2) 

S - 



+2sSiCr + S (Si + S12) (2s^2 + S1S2) log 
+ssi [4si2 - Si {s2 - 3si2)] log y } , 



(15) 



where s = /c^, Si 
defined as |13| 



k\, S2 = k^, S12 = ki ■ k2 with f = ~ ^1^2 and the function $(x,?/) is 



^x,y) = \l2[Lt2i-px)+Lt2i-py)]+\n^\n\^ + \n{px)\n{py) + ^], (16) 



with 



Xix,y) = VA, 
p{x,y) = 2(1- x-y + \)-\ 



A 



[1-x-yf - Axy, 



Sl 

X = — , 
s 



S2 

y = — 

s 



(17) 
(18) 
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y) can be traced back to the one-loop three-point massless scalar integral Co(s, Si, S2), as 
mentioned above, involved in the reduction of the tensor integrals with three denominators in 
Eq. dH) as 

Co(s,si,S2) = — '^{x,y). (19) 

s 

Each term in the function $(a;, y) and also the arguments of the logarithmic functions appearing 
in the form factors Ai {i = 1, . . . , 6) are real if one of these two sets of different conditions is 
simultaneously satisfied. In the spacelike region we may have 

• s,si,S2<0 and s < -{y/-Si + V~'S2)^ 

or in the physical region with positive kinematical invariants 

• s, Si,S2>0 and s>{y^+y^)'^. 

All the other regions would require some specific analytic continuations by giving to all the 
invariants a small imaginary part rj [r] > 0) according to the irj prescription with Si ^ Si + it]. 

When discussing the presence of spurious poles for s — > we need to work with amplitudes 
which are well-defined around s = 0; for this reason the analytic regularizations have been 
always performed before taking the s — limit. There is another important observation that 
is in order at this point. One may worry if the absence of the pole in s can be attributed to 
the redundancy of the Rosenberg representation, but, as we are going to show next, this is not 
the case. 

2.4 Four amplitude decomposition in Rosenberg 

In order to derive a set of a minimal number of independent invariant amplitudes we proceed 
from scratch. The identification of the invariant tensor structures characterizing the amplitude 
can be done exhaustively, by starting with the construction of all the possible tensors of rank 
three built out of the £-tensor and the external momenta. We follow here an approach similar 
to [5] with some minor changes. 

The eight tensorial structures listed in Tab{T]are the ones needed in the expansion of a generic 
triangle correlator with three indices {A,/i, z/} and external momenta {/ci,/c2}- Out of these 8 
structures, only the six in the first three columns appear in the Rosenberg formulation and can 
be reduced to 4 with little effort by requiring conservation of the vector currents. If we impose 
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e[ki, A,/i, u] 


e[ki 


k2,fi, A] fci 




k2, z^, 


A]fcr 


e[ki,k2,fi, v] kl 


e[k2, A,/i, z/] 


e[ki, 


A;2,/i, A] A;^ 




^2, z^, 


A] k^ 


e[ki,k2,fx,u] k^ 



Table 1: The eight pseudotensors in which a general amplitude A'^^'^{ki, k2) can be expanded. 





e[ki,k2,fi, V 




V2 


e[ki, ^2, At, H kl 


V3 


ki ■ k2e[ki, A, Ai, z/] + k'(^e[ki, ^2, A*, A] 


V4 


/c2 ■ A;2£[fci, A, Ai, z/] + k2e[ki, ^2, a^. A] 


V5 


fci ■ A;ie[/c2, A, At, z/] + A;2, z/, A] 


V6 


fci ■ A;2£:[A;2, A, At, z/] + A;2£[A;i, /c2, z^. A] 



Table 2: The six pseudotensors needed in the expansion of an amplitude A^'^''{ki, k2) satisfying 
the vector current conservation. 



the vector Ward identity on the two vector lines of the diagram and fix the divergent coefficients 
Ai and A2 in terms of the remaining amplitudes, then the form factors Ai reduce to the four 
ones A^, . . . ,Aq and the tensor structures in front of them get automatically organized in terms 
of four linear combinations indicated with rji. These four tensor amplitudes rji are selected from 
a set of six quantities defined in TablJl which shows all the possible tensors entering into the 
expansion of a generic three-currents correlator after imposing the conservation of the vector 
current. 

Coming back to our specific case, we obtain for the generic anomalous AVV vertex satisfying 
the vector Ward identities the parameterization 

A^j = A-si^ki ■ k2e[ki, A, ^, v] + k\e[ki, k2, At, A]) + A4^{k2 ■ k2e[ki, A, ^, v] + k^elki, k2, At, A]) 
+A5{ki ■ kie[k2, A, At, z/] + k'^e[ki, k2, v, A]) + A^iki ■ k2e[k2, A, At, v] + k'^e[ki, k2, z/. A]) 
= A,ri^^''{k,,k2) + A,'nl^''{k,,k2) + A,r]^''''{k,,k2) + AeVG''''{k,,k2). (20) 

This is obtained after plugging Eqs. (MTU]) into Eq.([2]), where rjl^'^ {ki,k2) can be read from 
Tab El The remaining two homogeneous pseudotensors of degree 3 in ki,k2, denoted by ■t]^'^'' 
and ?72 

r]^'^''{ki,k2) = k^e[ki,k2,fJ,,i^], r}2'^''{ki,k2) = k2 e[ki,k2, fJ,,i^], (21) 
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are not present in the Rosenberg parameterization, although they appear in the L/T decom- 
position, as we show below. The reduction of these two tensors to the four ones already used 
as a basis can be achieved by the use of two Schouten relations 

e[ki,k2, iJ,,iy] = k'^ e[ki,k2, X^iy] - k'(e[ki,k2, X, jj] - kje[k2, X, j^, u] + ki ■ k2e[ki, X, 

(22) 

k2 e[ki, k2, fi, ly] = kl^ e[ki, k2, X, u] - k2 e[ki, k2, X, fi] - ki ■ k2e[k2, X, fi, u] + kle[ki, X, fi, i^], 

(23) 

or equivalently, 

V^rih,k2) = V3'"'ih,k2)-v^rih,k2), (24) 

vl^'ihM) = vl"'{Kk2)-ril"'{Kk2)- (25) 

The set of the 4 amplitudes that we have chosen in the parameterization shown in Eq. fl20|) 
are linearly independent and functionally independent respect to the Schouten transformations. 
The claim that one can make is that any tensor structure which is not of the form given in 
the 4-basis above can be re-expressed as a combination of these 4 structures using appropri- 
ate Schouten relations. The decomposition of the AVV diagram with respect to this basis is 
therefore unique. At this point it is trivial to realize that, starting from the explicit expressions 
of the invariant amplitudes Ai that we have given above, the absence of a residue at s = 
continues to hold (for general off-shell kinematics). The important point to observe is that 
there is no kinematical singularity in this limit in each of the 4 independent tensor structures. 
The conclusion is that, in general, an AVV diagram has no massless poles. The use of a set of 
non-redundant amplitudes clears the ground of any doubt concerning this result. In fact, the 
poles appear only under special kinematical configurations, as we are going to discuss next. 

3 The massive off-shell case for the Rosenberg parame- 
terization 

Before performing the relevant kinematical limits on the amplitude, we move one step forward 
and generalize the results presented in the previous section to the massive case, by writing the 
expression of the invariant amplitudes given by Rosenberg (and the corresponding parametric 
integrals) in an explicit form. 



10 



The computation is performed as in the massless case, using dimensional reduction. The 
modifications are minimal and mostly due to the new scalar integrals Bq and Cq, corresponding 
to the massive (scalar) self-energy and triangle diagram respectively. The three-point amplitude 
with equal massive internal lines is given by 

with k = ki + k2, and can be again cast into the form 

^\nu ^ Ai{ki,k2,rn^)e[ki,ijL,u,X]+ A2{ki,k2,rn^)e[k2,ijL,u,X] 

+ As{ki, /c2, m^) e[ki, k2, /i, A] ki" + ^4(^1, k2, m^) e\ki, /c2, /x, A] 

+ A^{ki,k2,m^) e[ki,k2,i^,\]k^ + AQ{ki,k2,rn?') e[ki,k2-,y-,\]k2-, (27) 

where the tensorial structures are the same as before and the massive form factors Ai{ki, k2, m^) 
show an explicit dependence on the internal mass. They have been computed by using the tensor 
reduction technique to express the tensorial one-loop integrals in terms of the scalar ones. We 
obtain 

i 1 

Ai(A;i, k2, m^) = -— [si {s2 - S12) A (si, s, m^) - S2 (si - S12) -D2 (^2, s, rn^) 

+ [siS2(s2-Si) -4(Tm^] Co(si,S2,s,"2^)}, (28) 
i 1 

A:i{ki,k2,m^) = -— ^gi2+ o 4 9 l-gi [2siS2 + S12 (3s2 + 512)] £>! (si,5,m^) 

- S2 [2siS2 + S12 (3si + S12)] D2 {s2, s, m^) 

- [4si2(7m^ S1S2 (4si2 + 3 (si S2) S12 + 2S1S2)] Co (si, 52, s,m^)} , (29) 

i 1 

A5{ki,k2,m'^) = -— ^g2+ o 4 n {-{s2 + S12) ('2sl2 + S1S2) Di(si,s,m^) 

- S2 [Si2 (3S2 + 4Si2) - S1S2] /^2 (^2, "^^) 

- [4s20'm^ + S2 (-S2S1 + (^2 + 2si2S2 + 4S12) Si 

+ 2sl2 {S2 + 2Si2))] Co (Si, S2, S, TTl^) } , (30) 

with s — k^, si = kf, S2 = k^, <J = ~ siS2- It is possible to check that the Bose symmetry 
relative to the two vector vertices 

A2{ki,k2,m^) = -Ai{k2,ki,m^), (31) 
Afi{ki,k2,m'^) = -A3{k2,ki,m'^), (32) 
A4(ki,k2,m'^) = -A5{k2,ki,m'^) (33) 
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is respected. As mentioned above, the difference between the massless and the massive de- 
composition of the triangle amphtude hes in the particular set of scalar integrals involved in 
the tensor reduction. Here we define Di and D2 as a combination of two-point scalar massive 
integrals (Bq) of different internal momenta 

1' 



Di{s, Si,m 



ITT 



at log - as log 



a,: - 1 



as - 1 



1,2 



(34) 



in which the dependence on the regularization scheme disappears in the difference of the two 
scalar self-energies involved in The expression of Cq can be given explicitly in various 

forms [13], for instance as 



Co(s,Si,S2,m^ 



-it: 



1 ^ 



2v^ 



i=l 



Li-: 



ai + hi 



. . -hi - 1 J. -h 

L12 ; h L12 



h, 



1 hi + 1 



'tti + hi 



(35) 



with 



'1- 



Am? 



S-i ~\- Sj ~f" Sf^ 

2^ 



(36) 



where S3 = s and in the last equation i = 1, 2, 3 and j, k ^ i. Other expressions, suitable for 
numerical implementations, are given in [15] . The region in which all these functions have real 
arguments and do not need any analytic continuations are those discussed in section 12. 3[ for 
the massless case. In general, the prescription for ir] in the presence of a mass in the internal 
loop - in the fermion propagator - is taken a.s m ^ m — irj. We have checked numerically the 
agreement between the expressions presented above and those given in parametric form. 



4 The vertex in the longitudinal/transverse (L/T) for- 
mulation and comparisons 

The second parameterization of the three-point correlator function that we are going to discuss 
is the one presented in [H]. One of the features of this parameterization is the presence of 
a longitudinal contribution for generic virtualities of the external momenta and not just in 
the specific configuration under which it appears in Rosenberg's formulation. Of course, the 



12 



true presence of the pole in the IR has to be checked by taking the corresponding hmit, since 
the Schouten relations allow the extraction of a pole in the IR region at the cost of extra 
singularities in the parameterization. For this reason we start by recalling the structure of the 
L/T parameterization, which separates the longitudinal from the transverse components of the 
anomaly vertex, which is given by 

87r2 L J ' > 

where the longitudinal component 

W^^^" = WLk^e[^i,v,ki,k2] (38) 

(with wl = —4:i/s) describes the anomaly pole, while the transverse contributions take the 
form 

W'x.Ak,, k^) = [k\ kl kl) (fci, k^) + 4"^ [k\ kl kl) t[-lik,, k,) 

+ w^^~\e,klkl)t^~l{k,,k2), (39) 

with the transverse tensors given by 

^2) = ki„ e[iJ, A, kl, k2\ - k2f,e[u, A, ki, /ca] - {ki ■ ^2) ly, A, {ki - /^a)] 

^2 I i,2 _ k2 

H p kx elu, u, kl, fcsj , 



A~Juikuk2 



e\ii, V, kl, k2 



= ki^e[n,X,ki,k2] + k2^e[iy,X,ki,k2] - {kl- k2)e[fi,iy,X,k]. (40) 



The form factors wt{s, Si, S2) are all defined in the following Eqs. (15011521) . 

Notice that in this representation the presence of massless poles is explicit for any kine- 
matical configuration and not just in the massless coUinear limit, where the diagram takes the 
Dolgov-Zakharov form. A second observation concerns the presence of other pole-like singulari- 
ties in the transverse invariant amplitude and tensor structures. It is then obvious that one has 
to wonder whether the pole present inwi is balanced, away from the coUinear region, by other 
contributions which are also singular. Indeed, as we are going to show, this is the case. In fact, 
due to the Schouten relations, we are always allowed to introduce new polar amphtudes and 
balance them with additional contributions on the remaining tensor structures. In fact we are 
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going to show that the presence of such pole away from the colhnear region becomes significant 
in the UV - at least in the perturbative approach - but not in the IR, since it decouples if one 
computes the residue correctly in this representation. 



4.1 Generalizing the L/T parameterization to massive fermions and 
the anomaly pole 

We can generalize the L/T formulation presented above to the case of a triangle amplitude 
with a massive fermion of mass m, by simply exploiting the connection between this and the 
Rosenberg representation. We use the Schouten relations to show the equivalence between the 
tensor structures of both representations. This requires some care since the decomposition into 
L and T amplitudes requires a nonzero fc, otherwise it is invalid. 

At nonzero momentum, by equating the coefficients of the four invariant tensors, we obtain 
a linear system of four equations whose solutions return the complete matching between the 
two parameterizations in the form 



Ai{ki, ^2) 

A(^l,^2) 

and viceversa 



Wl 



r,(-) 



w. 



T 



(+) 



ki ■ k2 



k^ 



kl (-)■ 

Wrp 



, o ^1 ■ ^2 (+) 



87r2 
-Ai{k2,ki), 



k^ 



2 hlhlRn^^-) 



A(^i,^2) = -A^{k2,ki), 



WLik"^, kl, kl) 



k^ 



[Ai - A2] 



(41) 

(42) 
(43) 



(44) 



(we omit, for simplicity, the momentum dependence) or, after the imposition of the Ward 
identities in Eqs.lEIID]), 

[(A3 - Ae)k^ -k^ + A, kl - A, kl] , (45) 

-47r' (A3 - A4 + As - As) , (46) 

47r2 (A4 + A5) , (47) 



w;l(/c^ kl, kl) 
\k , kl, /C2) 

■^T ^(^^) ^1) ^2) 

\k'^, kl, kl) 



-47r2 (A3 + A4 + A5 + Ag 



(4J 



where Aj = Ai{ki,k2). This same mapping holds also in the massive fermion case if Aj = 
Ai{ki,k2,rn) and leads us to the same decomposition. In this case the L/T parameterization 
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can be obtained starting from the massive Ai coefficients shown in Eg. fl28ti3l?]) and exploiting 
the mapping in Eqs. (14511481) between the two parameterizations. We obtain 

4i 

wl{si,S2,s) = (49) 

s 



w^j!'\si, S2, s) = i- + TTl (si2 + S2)(3si + si(6si2 + S2) + 2S12) log 



. s % 



a 



2a2 



2 I „ /c„ I „ \ I o„2 \ 1 . "^1 



S 



+ (Sl2 + Si){?>sl + S2(6Si2 + Si) + 25^2) log 



s 



w. 



+ s(2Si2(Si + S2)+SiS2(Si + S2 + 6Si2))$(Si,S2)] (50) 



+ SiS2{Si + S2 + S12)) log y + (2(S1 + Si2)Si2 - S2Si2(3S2 + 4Si2) 
+ SiS2(Si + S2 + S12)) log— + S(si - S2)(siS2 + 2Si2)'^'(Sl, S2)l (51) 



S 



W^\si,S2,s) = -W^ ^(Si, S2, s) (52) 



in the massless case, which is in complete agreement with the explicit expression given by [16\ . 
while in the massive case the same mapping gives 

WL{s,si,S2,m^) = -— - ^^Co(s, Si, S2,m^) (53) 

s 7r"^s 

w^\s, si, S2, m^) = i- + [{si2 + S2)(3si + Si(6si2 + S2) + 2si2)^i(s, Si, m^) 

+ (si2 + Si)(3s2 + S2(6si2 + Si) + 2s^2)-D2(s, S2, m^) 
+ (4m^scr + s(2si2(si + S2) + siS2(si + S2 + 6si2)))Co(s, Si, S2,m^)] (54) 

w'f\s,Si,S2,m^) = i— — + ^ ^ 2 [-(2(S2 + Si2)Si2 - SiSi2(3Si +4S12) 

+ SiS2(Si + S2 + Si2))£'l(s, Si, m^) + (2(si + Si2)s?2 - ■52Si2(3S2 + 4Si2) 

+ SiS2(Si + S2 + Si2))/^2(s,S2,m^) 

+ (4m^(T(si - S2) + s(si - S2)(siS2 + 2si2))Co(s, Si, S2,m^)] (55) 

w^~^(s. Si, S2, m^) = -w^"^(s, si, S2,m^), (56) 

with Si = kf {i = 1, 2, 3, k^, = k), Si2 = ki ■ k2, a = sfg — S1S2. The functions Di and Cq, defined 
in Eg. fl34p and (1351) . are respectively a combination of two scalar bubbles and the scalar one- 
loop triangle. The Bose symmetry on the vector vertices is fulfilled in both representations by 
taking into account the way in which the Ai and the wl, wt, ■ ■ ■ transform under the exchange 
of ki, ^2 and fi, v. For the L/T invariant amplitudes we have 
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w^jr\e,kl,kl) = -w^f\k'',klkl), (58) 
w!f\k\ kl kl) = -w^-\k^, kl kl). (59) 

It is then obvious that there is complete equivalence between the two parameterizations, al- 
though there are some puzzling features that need to be investigated more closely. As we have 
already mentioned, the L/T parameterization appears to have a pole at s = {k-i + A;2)^ = 0, 
which contributes to the anomaly. In fact, the non- vanishing Ward identity on the axial- vector 
line is due to the invariant amplitude wl and to its corresponding tensor structure. Then, one 
obvious question to ask is if this pole is compatible with the pole structure of the Rosenberg 
representation. The answer is affirmative as far as the computation of the residue is performed 
on the entire amplitude and not just on the invariant amplitudes alone. In fact, the L/T de- 
composition introduces kinematical singularities both in the longitudinal and in the transverse 
components as a price for the appearance of a longitudinal pole. This can be shown explicitly. 
In fact, a direct evaluation of the hmit (for off shell photons) gives 

lim swL{kf, kl, k^){ki + /c2)a£[a*, k2] = -4i(/ci + k2)x£[l^: ^^2], (60) 

s— >0 

lim sw!^\kl kl e) Miku k2) = ^ ^^'\ ki + k2)xe\ii, ki, k2], (61) 

s— »0 ^ Si — S2 

2i(si + S2)l0g(f^) 



\im sw^T\klklk'')tl,{{ki,k2) 



hm swi,-\kl, kl e) f^liki, k2) = (63) 

for the several singular terms present at s = 0. These results have been obtained after per- 
forming the analytic continuation around s = of the explicit expressions for wl and Wt given 
above. Combining these partial contributions we obtain the total result for the residue of the 
entire amplitude 

limsiy^,A-0, (64) 

s— >0 

which proves its vanishing at s = for off-shell photon lines. This result, in agreement with 
what we had anticipated, shows that in the IR also the L/T parameterization has no pole. This 
is expected, being the L/T and the Rosenberg parameterizations equivalent descriptions of the 
same diagram (modulo some Schouten relations) , hence it is obvious that the decoupling of the 
anomaly pole for off-shell external momenta has to take place in both parameterizations. Per- 
forming cautiously the limits, we can similarly proof that the pole reappears in correspondence 



-Ai + 



S\ — S2 



{ki + k2)xe[ii,u, /ci,/c2], 

(62) 
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of specific configurations of the external lines (on-sliell photons), as we are going to show next. 
An equivalent analysis, of course, can be performed by analyzing the various cuts of the ampli- 
tudes in the L/T parameterization using a dispersive approach and looking for discontinuities 
proportional to in the spectral density of the diagram. 



5 Special kinematical limits in the massless case 



We summarize in this section all the results concerning some specific kinematical conditions in 
the infrared and chiral limits of the anomaly amplitude, taken directly on the amplitude given 
in the previous sections. 

The first analysis carried out involves the massless Ai written in Eq. f|T3l [T5|) for which we 
take three limits. We use the notation Ai{s, Si, S2) to denote each invariant amplitude in the 
Rosenberg form for massless internal fermions. We distinguish the following cases 

a) si = 52 7^0 s^O m = 

b) si=0 S2 = Sy^O m = 

M2 S2 = s^O m = 0. 



CI Si 



While cases a) and b) will be treated here, case c) will be left to the appendix [T0|, together with 
the same three kinematical configurations for a massive fermion. In case a) we find 



^l(s,0,S2) 

^2(5,0,52) 
^3(5,0,52) 
-44(5,0,52) 



4vr2 
i 



S2 . S2 

log 1 

S - S2 S 

log hi 

s - S2 s 



47r2 

-^6(0,52,5,0) = - 
i , 52 

^T^T ^log — 

27r^(s — S2) 5 



27r2(s - S2) 



"^2 1 ■52 , ^ 

log hi 

5-52 5 



(65) 

(66) 
(67) 
(68) 



and a divergent ^5(5,0, 52) which does not contribute to the physical value of the amplitude. 
Indeed A^'^'', in a physical amplitude, is contracted with the polarization vector relative to the 
on-shell photon with momentum ki, giving e^(/ci)/cf = 0, so that the contribution coming from 
disappears. 
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Notice that this amphtude satisfies the Ward identities in Eqs. 



and can be written as 



A^^'-is, 0, S2) = A,is, 0, S2) Vs'^'ih, h) + A,{s, 0, s^) h) + ^(s, 0, S2) Ve'^ih, k 



2), 
(69) 

with the tensors i]i{ki,k2) written in Tab 121 Notice that the poles are located at the various 
thresholds of the amplitude, describing the production of a photon of invariant mass S2, having 
set the first photon on-shell, and that all the residues are vanishing 



lim s ^3(5, 0, S2) = lim s ^4(5, 0, S2) = lim s Aq{s, 0, S2) = 0, 

s^O s^O s^O 

including the one of the whole amplitude 

lim sA^^^(s,0,S2) =0. 
In the L/T parameterization we find 

wl{s, 0,82) = 



w'j^\s, 0, S2) 



\s,0,S2) 



s 
2i 



s - S2 



S + So , So 

log - + 2 

S - S2 S 



-W^ ^(S,0,S2) 



2% S2 

log — 

S - S2 S 



(70) 

(71) 

(72) 
(73) 
(74) 



which also show the presence of the same threshold singularity, but, in addition, also of an 
anomaly pole m. wl which is absent in Rosenberg's parameterization. As we have commented 
above, the pole is spurious, since the tensor structures are also singular in the same (s 0) 
limit, and there is a trivial cancellation of this contribution. Indeed we find 



lim s wl{s, 0, S2) kxe[ii, u, ki, ^2] = -Ai kx e[n, u, ki, ^2] 



lim s 



w^T^\s,0,S2)t'^^l{ki,k2) +w^j, '{klkie)t\^l{ki,k2) = -Aikxe[fi,iy,ki,k2 



,(-)/-,2 7,2 u2\+(-) 



lim sw!^ '{s,0,S2)t\ l{ki,k2) = 

s— >0 



which gives 



lim sWxf,u{s, 0,82) 



lim s [W^^^"" - W^^''"] = 



(75) 

(76) 
(77) 

(78) 
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in agreement with Eq. 

Therefore, in this case, with only one leg on-shell, the kinematics does not allow a polar structure 
for the entire amplitude; in the Rosenberg parameterization this result can be derived in a 
straightforward way since each amplitude has a vanishing residue and the tensor structures are 
regular in the IR (i.e. s — > 0) limit. On the contrary, in this limit the L/T formulation involves 
both the longitudinal and the transverse components, as the tensorial structures multiplying 
the coefficients w{s, 0,82) are not independent as s — > 0. Obviously the final result, obtained 
with the correct limiting procedure, is the same in both cases. 

Let's take in exam another kinematical configuration, more specific than the previous one, 
i.e. the case in which the two photons are both on-shell and massless or 

b) Si = S2 = s 7^ m = 0. 

In this case it is well known that the AVV vertex exhibits a polar structure, as Dolgov and 
Zakharov showed in [lOj, therefore we expect to recover this amplitude in the s ^ limit. The 
computed form factors are extremely simple. We obtain 

Ai(s,0,0) = -^2(5,0,0) = -^, (79) 

^3(5, 0,0) = -^6(5,0,0) = --^ (80) 

which clearly exhibit the Bose symmetry for the two vector vertices, since Si = S2. Notice that 
A4, are physically nonessential, as before; indeed they are multiplied, respectively, by k!^ 
and fcf in the total amplitude A^'^^{ki, ^2), and vanish after their contraction with the physical 
polarization vectors of the photons. 

The amplitude A'^'"^(A;i, /C2) satisfies the Ward identities written in Eq. [9l since S12 s/2 
when both photons are on-shell 

A,{s, 0, 0) = ^ Asis, 0, 0), A^is, 0, 0) = I A,{s, 0, 0). (81) 

In this case the entire correlator is obtained from only two form factors Ai {A3 and Aq), giving 

A^'^^(s,0,0) = As{s,0,0)r]^'"'{ki,k2) + A,{s,0,0)r]^^\k,,k2) 

i 



k!^e[ki,k2,iy,\] - k'(e[ki,k2,fi,X] - — ^£[(A;i - A;2), A, /i, z/]. (82) 

This expression can be reduced to its polar Dolgov- Zakharov form after using the Schouten 
identities in Eqs. (122)1231) 

A"^'^(3, 0, 0) = -^—e[ku k2, /X, ly] (83) 
19 



as Si = S2 = 0. 

In the L/T parameterization we expect a similar polar result, after summing over the contri- 
butions coming both from the longitudinal and transverse tensors. In this case, the only two 
non- vanishing coefficients are wl and w!^^ 

wl{s,0,0) = 4^^3,0,0) = --, (84) 

s 

w!f\s, 0,0) = w^f\s,0,0)=0 (85) 

and the residues must be computed combining them with the corresponding tensor structures. 
It is worth noticing that t^x~J^{ki, /C2) = for Si = S2 = 0. This can be immediately checked 
starting from its definition given in Eq. (139|) and with the aid of the two Schouten identities 
shown in Eqs. fl22|23p . which in this case become 

k^e[ki,k2,fx,u] = -fc^'ef/ci, fcg. A, /x] + A, /i, z/], (86) 
k^ e[ki, k2, ly] = kl^ e[ki, k2, X, u] - -e[k2, X, i^], (87) 

so that the unique contribution to the residue for s — » comes from the longitudinal part 
\im sW^,xis,0,0) = -i-hm s M/^^'^" 

lim swl{s, 0, 0) kxe[fi, u, ki, k2] 



;k e[ki,k2,fi,i^ 



27r2 

We conclude that the pole is indeed present in the L/T amplitude if the conditions si = S2 = 
with s 7^ are simultaneously satisfied 

A^'^^(s,0,0)= W^,x{s,0,0) = -^ — e[k,,k2,^I,ly]. (89) 

Another interesting case is represented by a symmetric kinematical configurations in which 
the external particles are massive gauge bosons of mass M. This will turn useful in the next 
sections, when we will discuss the behaviour of a BIM amplitude with massive external lines 
at high energy, showing, also in this case, its pole dominance. There are some conclusions 
that we can draw from this study which are important for the analysis of the next sections. 
Notice that in all the cases that we have discussed it is possible to isolate a 1/s contribution 
in Wl for any kinematical configurations other than the massless (s 0) one, where the 
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L/T formulation requires a limiting procedure. This is clearly suggestive of the fact that a 
longitudinal component is intrinsically part of the vertex and not just of its collinear and chiral 
limit. This contributions is paralleled, in the Rosenberg amplitude (s) by a constant behaviour 
of Ai and A2 {Ai = 2/(47r^) + ...). Massive external gauge lines or mass corrections due to the 
fermion mass in the loop do not shift this 1/s pole. 

As we have mentioned, under the general configurations contemplated in these last cases, 
these poles are not coupled in the IR, although this does not necessarily exclude a possible role 
played by these contributions in the IR region. However, the complete absence of a scale in 
their definition makes them suitable also of a completely different interpretation, as longitudinal 
contributions that survive in the asymptotic s ^ 00 limit of these amplitudes. In fact, we 
are going to show that any UV completion of these theories has necessarily to deal with the 
cancellation of these terms. 

6 Pole dominated amplitudes: the UV significance of 
the general anomaly poles 

The UV significance of the poles appearing in the off-shell correlator can be established by 
studying a class of amplitudes that are pole-dominated at high energy, and which are typical of 
an anomalous theory (see Fig. [2]). These amplitudes describe the elastic scattering of massive 
(or massless) gauge bosons mediated by two triangle graphs and give total cross sections that 
grow quadratically with energy, thereby violating unitarity. As we have seen, for on-shell 
massless external gauge bosons (the A lines) the anomaly vertex is characterized by a purely 
longitudinal component since the transverse form factors vanish. It is therefore obvious to 
conclude that wl is responsible for the high energy behaviour of these amplitudes. In this 
section we are going to show that a similar behaviour is found in the scattering of massive gauge 
bosons and that it can be attributed to the same component wl even though the transverse 
contributions, coming from the remaining form factors, are non vanishing. 

We start from the massless gauge bosons case and consider the BIM amplitudes for the 
process AA — > AA depicted in Figl2]for the three channels. The incoming momenta are k^, k!^ 
in the initial state, while pi and P2 are those of the final state. The Mandelstam variables are 
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A A 



A 

'A 

u 



Figure 2: The scattering process AA AA via a BIM amplitude in the three channels. The subscript 
s,t,u stands for the channel. The exchanged gauge boson B is different from the external ones and 
has a mass Mb- 



defined as usual 

s = (ki + hy = ipi+p2)^ (90) 

t = {ki-pif = {k2~P2)\ (91) 

u = {k^-p^f = {k2-pi)\ (92) 

s + t + M = 0, (93) 

and we denote with 9 the angle between the initial and final directions of the two particles 
in the center of mass frame. Each triangle reduces to its Dolgov-Zakharov form as the external 
lines are all massless and on-shell. Consider, for instance, the scattering mediated by a massive 
gauge boson B in the s-channel, which is described by the amplitude 

Mi 

which becomes, after using the Ward identity on the axial-vector current 



1 / k'^kP\ 

= A"^''i-k,-k^,-k2)j-j^[g'^ - j^)A''-^k,puP2) (94) 



= ^e[^^,vMM]-^e[a,T,p,,p2]. (95) 

IVlB S IVlB 

We perform a complete computation of the BIM amplitudes by combining all the s, t and u 
channels exchanges. The amplitude with the exchange of B in the three channels depicted in 
Fig. [2] is given by 

MZ^AA = {As + At + Aur''\ (96) 
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- where the subscript indicates the channel - and each term is composed by two triangle corre- 
lators and a Proca propagator of the exchanged B gauge boson 

= A^'''{-k,~h,-k2)P'''{h + h)AP''^{h + h,pi,p2), (97) 
= A^-^(-(A;i-pi),-^i,Pi)^'"(^i-Pi)A^-'^(A;i-j9i,p2,-fc2), (98) 
Ar^ = A^^'^{-{h-p2),-h,p2)P'''{h-p2)AP''''{h-p2,Pi,-k2). (99) 

In the expressions above, the amplitude A is represented by a triangle correlator with external 
massless on-shell lines {kf = k\= p\= p\ = Q), which takes its polar (Dolgov-Zakharov) form 

A^^"'{k,ki,k2)=an—e[ki,k2,^i,v], an = -^, (100) 

while the generic Proca propagator for the internal gauge boson B with mass Mb is 



P^P{k) 



k^-Ml 



:ior 



After inserting the Eqs. OlOOp and ( llOip into Eqs. ( !97ll99l) we obtain for the single squared 
amplitudes and the interferences 

|AP = 2as^ \At\'^ = 2at^ \Au\^ = 2a{s + tf (102) 

AsAl = ast AsAl = -a s {s + t) AtAl = -at {s + t) (103) 

with a = |a„|^/(8M^), and then a short computation yields 

\M\lA-.AAis,0) = 

spins 

I ^^YL 1/2 2 



In Eq. 11041) we have averaged over the initial states. The result depends on the total anomaly 
an and on the Stiickelberg mass of the exchanged gauge boson Mb', it takes the form 

12/ 



da 1 / hc\'^\M\(s, 



dn 2\8tt) 



(105) 



which violates the unitarity bound 



da 1 , , 

;^ < - (106) 
d\L s 
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as s approaches infinity. In an analogous way we deal with the case in which the gauge bosons 
A are massive and satisfy on-shell conditions of the form kf = k2=pl=P2 = M"^. The process 
is again the one depicted in Figj2] but the presence of massive external lines increases notably 
the length of the computation. The amplitude is neatly separated into longitudinal (polar) 
and transverse components. The longitudinal component is controlled by u;^ ~ which is 
multiplied by kinematical factors causing an overall growth of this component (~ s^) at large 
energy, while the transverse part behaves as 

(s) 1 + log (107) 



s \ s 



at large s. The transverse component of the squared amplitude has an overall ~ behaviour 
in the same limit, and the corresponding amplitude can be correctly interpreted as due to 
the exchange of an ordinary massless propagator (~ 1/s). The threshold for this s-channel 
amplitude is at s = 4M^, where it vanishes, while in the no n- asymptotic region its transverse 
part describes the exchange of an ordinary l/(s — M^) propagator (times finite residues at each 
of the two vertices). In fact, the transverse component is well-behaved at any finite s values 
and, in particular, for s = M^. Notice also that in the limit s 4M^ (when s > 4M^), the 



function 



does not exhibit poles and it can be written as 

2 rinii rir^Q^ 



which implies the finiteness of the amplitude at threshold. As we have already mentioned, the 
same behaviour is found at any finite value of s. Without enforcing the longitudinal subtraction, 
the cross section is unbound and the asymptotic expansion of the squared amphtude is 



1 



9 
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\M\\^_^^As,e) ~ - -^{cose' + 3)s' , (109) 



where the term increasing linearly with s (when inserted in the cross section) is dominated 
by the coefficient of |wLp. Therefore, the subtraction of the longitudinal component of the 
complete amplitude is necessary in order restore unitarity, leaving only the transverse part. 
The computations are rather lengthy, but the result for the transverse contributions, which 
respects unitarity at high energy, is given by the simple expression 

' ' ^ 2(M|-s)' \ T K J\ 2{Ml-tf ' ^ ^' 
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2 (M| - u) 



+ 2(Ml-s)(Ml-t) - «^(^ + + « - + * ) 

+ 2(MI-«)(MI-.) - «^<' + "'^''^ + + '''' 

(110) 

Notice that the leading terms for (t) and wf^^ (u) in the asymptotic region are the same 
as those contained in w!^\s). Expressing in terms of s and the scattering angle in the center 
of mass frame cos 6 all the other invariants 

s 



t 



2M- 

2 



cos 9) u 



2M^ - ^ 



:i + cos^): (111^ 



2. 

Eq. II 101 shows that for s ^ oo, which is in agreement with unitarity. At the same 

time, the interpretation of the corresponding squared amplitude in terms of an ordinary bosonic 
exchange is rather obvious since the purely transverse part shows an asymptotic behaviour of 
the form 

1-^ It ~ — E ^-(^' ^) ( — (112) 

^ n=0 V / 

with the correctly factorized double pole (~ 1/s^), and where the coefficients Cn{0,M) depend 
only on the mass M of the external lines and on the scattering angle. 

To summarize, we have seen that anomaly poles extracted by a complete off-shell analysis 
of the correlation function of the anomaly graph have a clear UV significance and saturate the 
anomaly. We conclude that the anomaly diagram can always be written in terms of an anomaly 
pole plus extra terms which either contribute homogeneously to the anomalous Ward identity 
or are responsible for its mass corrections. These two sources of breaking of the Ward identity 
have separate origin and appear to be universal. We are going to use this result to present a 
form of the effective action which includes these extra contributions, by discussing several of 
its expansions using as an expansion parameter the mass of the fermion in the loop. 
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7 Effective actions and the gauge anomaly 



In this section we are going to discuss the formulation of the effective action in the presence 
of anomaly poles, generalizing the Euler-Heisenberg (EH) result to an anomalous theory. We 
will focus our attention exclusively on the trilinear gauge terms, coming from the anomalous 
structure, which are new compared to the EH formulation. 

The simplest example that we can consider is a theory describing a single anomalous gauge 
boson B with a lagrangian 

CB = i^ii^ 75) V^-^i^l- (113) 

The effective action of the model suffers from a trilinear gauge interaction which is anomalous 
(BBB). In this case the anomalous vertex is obtained by a simple symmetrization of which 
generates a Aaaa vertex 

A AAA = ^ {A AW + AvAV + Aw a) ■ (114) 

The anomalous gauge variation {SB^ = O^Ob) 

■ 3 p 

5^B = 'A^ I d''x0B{x)FBAFB (115) 
can be reproduced by the nonlocal action 

Tpoie = ^ {dBix)n-\x - y)FB{y) A ^^(y)), (116) 

which is the variational solution of (11151) . To derive a 1/m expansion of the effective action, 
we perform an expansion of the Rosenberg form factors, obtaining 

A,{s, 0, 0, m^) = + + O {—^ , (117) 

AStt^ 3607r^ \mP J 

A^{s, 0, 0, m^) = + + O , (118) 

A,{s, 0, 0, m") = + 77^4 + O , (119) 

IZTC'^ 1207r^ \m° J 

where s = k"^. We will also use the notation si and S2 to denote the virtuality of the two 
external photons (si = kf,S2 = k^)- Due to the chiral gauge anomaly, the effective action 



Ai(s,0,0,m^) = - 
A^{s,0,0,m^) = - 
A4{s,0,0,m^) = - 
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is gauge- variant. For our choice of momenta (incoming k on the axial- vector of index A and 
outgoing ki and k2 on the two vector currents of indices /i and u) we obtain 

T^^^y{x,y,z) = I ^'^l^^'^jf 5\k - fci - k^) e^'-^'-^-''-y A%^y{k, k,, k,) (120) 

with the contribution of the anomalous vertex being given by 

r(3) = y d''xd^yd''zT^^^''{x,y,z)B^{z)B^{x)BM. (121) 

where T^^'^{x^y^ z) is the symmetrized correlator given by 



T^^'^ix, y,z) = \ [T^yy (x, y, z) + Ty''^y{x, y, z) + Ty^^^^x, y, z) 



:i22i 



The explicit form of the new anomalous contributions (the symbols ( ) denote spacetime inte- 
gration) can be obtained by plugging in the expression of the various form factors expanded in 
1/m written in Eqs. flll7H119p . We obtain 



r(3) = __ 

6 



1 



1 ^a,ux ^(^a'Bxd^B^B,) - {U^B^B.dM) 



3607r2m4 

+ TT7^ (e"^'^^9,9,i?^i?A9^i?'^) - t^^^^^d^B^B^dpd^^B,)) 

-T^TtV^ {^''^^^d^d.B^DB^dpB'') - e"f'''\d^B^DB,dpd^^B,)) 

+ {e''^''^{daB^dfsd,B''B,) - e^^''\d^d,B^^B^dpB,)) 
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^ {t''^^\d^B,dpd,UB^) - t'^^'^^d^d.B^'UBxdpB,))] . (123) 



1207r2m4 

Naturally, the p/m expansion hides the nonlocal contributions which are present in the 
effective action. These can be identified from the off-shell expression of the anomaly vertex, 
which in the L/T parameterization takes a close form only in momentum space. For this reason 
we rewrite this parameterization as a pole {wl = — 4z/s) plus mass corrections in the equivalent 
form 

V- = (wl - Hk, fci, k2, m)) ki, k^] (124) 



5m 



2 



:F(m, s, si, S2) = Co(s, si, S2,m ), (125) 
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where Cq has been given in Eq. fl35l) . Obviously, the anomaly is completely given hj w^. The 
complete action is instead given by 

r''' = rfl + r''' (126) 

with the pole part given by 

= / d'^d'yd- B{x)n~lF{y) A F{y) (127) 

and the rest (F^^-*) given by a complicated nonlocal expression which contributes homogeneously 
to the Ward identify of the anomaly graph 

o3 r r rf^h. ^4^1 



.(3) 



J d^xdSd^zd-B{z)FB{x)AFB{y) J ^^g^' ^-^kH^-z)-^k,■iy-^) j^^^^ ^) 
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j d'xd'yd'zB^{z)B,{x)BM j ^^J^n)^^' e-'^-^^-'^-'^-^y-'^W^^\k, h, fc^, m), 
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where k = ki + k2- A second form of the effective action is obtained by expanding around 
m = 0, i.e. for a small mass. A simple, but very instructive case, is the one with two on-shell 
photons (si = S2 = 0) and a nonzero fermion mass. We obtain, for instance, in the AVV case 
the following expressions for the form factors after the series expansion around m = 

WL = --- ^ log (-4) +0(m=^), (129) 



s \ m 

(,\, 12? 4z , / s \ Aim 

w}^\s,0,0,m^) = log 2) + ^- 

s s \ m^/ s 



' '2 + log f 4) - (--2 



+ 0{m^). 
(130) 



It is clear that this second expansion allows to isolate the pole term from the mass corrections, 
and is probably a more faithful description of the anomalous content of the theory, identified 
by the anomaly pole. 



8 Anomaly inflow from 5-D and the breaking of unitarity 
in the effective action 

The presence of a longitudinal exchange in an anomalous theory - which exhibits a power-like 
growth with energy of some of its S-matrix elements - is not a property just of four dimensional 
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models. As we are going to show, similar features are typical also of extra dimensional models in 
which the presence of anomalies on the branes, due to the delocalization of the chiral fermions, 
is canceled by an anomaly inflow. In particular, the presence of anomaly poles in the reduced 
theory is, in general, a threat to the consistency of the effective action. For instance, in 5- 
D models, the basic role of the mechanism of inflow is to guarantee the gauge invariance of 
the effective 4-D geometric action (after compactification) , canceling the anomaly of the chiral 
fermions on the branes. Our analysis, to be definite, is focused on a model in 5-D which shows 
a nice realization of the inflow, formulated in [9], although our conclusions are expected to 
be model independent. We are going to show that in the case of anomalous models with an 
inflow, any effective theory defined by a restriction on the sum over the KK modes is necessarily 
going to break unitarity in the UV because of the presence of pole dominated amplitudes, quite 
similarly to our previous analysis in 4-D. 

In general, it is well known that models incorporating extra dimensions violate unitarity both 
before and after compactification [SI H E] • However, this stronger form of breaking obtained 
for any fixed number of KK modes included in the expansion, which does not occur for other 
(non anomalous) models of this type, finds its origin in the limitation of the condition of gauge 
invariance, here guaranteed by an inflow, to establish the full consistency of the theory. The 
point that we will be raising is that an inflow has necessarily to remove the anomaly poles of the 
effective theory on the brane in order to make it a consistent model. Notice that this breaking 
of unitarity that we will discover is completely unrelated to other unitarity bounds that the 
theory obviously has for being non-renormalizable. We follow closely [n], skipping details that 
can be found in that work, and consider the lagrangian 



denotes the 5-D field strength, Lorentz indices in 5-D are denoted with capital Roman letters, 
e.g. M, = 0, 1, 2, 3, 5, while the corresponding greek indices are four dimensional (/i, u = 
0, 1, 2, 3). We use the notation ') and y = X to denote the coordinates of the usual 

(3 + l)-dimensional spacetime and the coordinate of the orbifold, respectively. The nonzero KK 
modes acquire a typical Stiickelberg mass due to the compactification. One of the possible ways 
to realize an inflow in this model for the restoration of gauge invariance is by the introduction 





where 




(132) 
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in 5-D of a Chern-Simons form (CS) 



Lcs = -^^^^^'^^ ^aFbcFde- (133) 



Integrating over the y dimension we obtain the effective 4-dimensional lagrangian 



127r^ 

nmk 

11 1 

4g2 4g/2 ^ ^^26^ '^ v-^"-"^; 

n>l n>l " 

which describes a massless photon, whose field-strength is denoted by plus the corresponding 
Kaluza-Klein (KK) excitations {F"") - which are massive - and the infinite set of 4-D Chern- 
Simons terms. These are characterized by some numerical coefficients Cnmk whose expression 
can be found in |9|. It is easily found that the 1-loop effective action of the model contains the 
infinite set of diagrams 

Tl^m,n = {J'aJa ^Ja^)i (135) 

where the currents include, besides the vector (J*^")) and axial-vector contributions (jj^""*) cou- 
pled to the KK gauge excitations, also the Chern-Simons part. As discussed in [9], by absorbing 
a Chern-Simons term in the current (which amounts to induce some shifts in the Ai and A2 
coefficients of Rosenberg, see also the discussion in [T7]) we can always bring the vertex corre- 
lator, also in this more general case, to reproduce Bardeen's result for the axial vector anomaly, 
moving all the anomaly of the vertex on the axial part. For this reason, in the analysis pre- 
sented below, we will omit any explicit Chern-Simons term, having these been absorbed into 
the definition of the anomaly vertices - expressed in terms of vector and axial-vector currents 
rather than of chiral currents - with conserved vector currents. 

The breaking of unitarity can be established rigorously by considering a scattering amplitude 
which is pole dominated (due to the anomalies localized on the branes), where we now allow 
in the various channel the possibility of exchanging a finite number of KK excitations {Nkk)- 
For this purpose we define two functions and xn defined as 

Nkk 



M2 

odd n " 



Nkk 

Inkk^s) = Ej^- (137) 

oddn 
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We can consider scatterings involving both massless and massive external gauge bosons in 2- 
to-2 amplitudes, illustrated in Fig. [3] for the s-channel case. For simplicity we present below 
only the computation in the massive case, although similar conclusions can be reached also in 
the massless one. We obtain 



2 



-^M'ut^u-t)xNfN{s) K(t)p 
~M\s'iu-s)xNfN{t) \wl{s)\' \wY\t)\' 

+^MV^(s)/Ar(t) 8 (25^ - 7ms + u') + 2s {-As' + 3us + 9u') M' 



(138) 
(139) 
(140) 



- su^ + 2s^u 



+-sVxn \wL{s)r \MtW 



1 



(141) 



-MHu'{u-t)xNfN{s) \wl{u)\' \w^j^\s)\' 
+ ^MHs'{s-t)xNfN{u) K(s)p \wY\u)\' 

+ ^M^fN{s)fN{u) 8 (25^ - 7st + t') + 2s {-As' + 3st + m') M' 



- sr + 2sH 



+-s%'Xn \wl{s)\' \wl{u)\' 



(142) 



lM'su'iu-s)xNfN{t) \wl{u)\' \wY\t)\' 



+ lM'st'{t-s)xNfN{u) \wL{t)\' \wY\u)\ 



+ -M^ fN{t)fN{u) 8 {2t' - 7ts + s') + 2t {-At' + 3ts + 9s') M' 



+r - sH + 2st^ 



wY\t)\' \w^t\u)\' 
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•(0) ^(0) "-(i) "-(i) 




Figure 3: BIM amplitude in the presence of a KK tower of modes exchanged in the s-channel. In a) 
the external zero modes A^q^ are massless while in b) they have a fixed even KK parity {i) and vector 
couplings with the fermions in the loop. 



(143) 

Notice that /nkk well-behaved at large energy, due to the presence of a partial sum. Using 
the results of the previous section on the asymptotic behaviour of wt, it is easy to figure out 

that by removing this component the cross section constructed by summing over all the squared 
amplitudes given above respects unitarity in the UV. The conclusions of this analysis are 
rather obvious: the appearance of anomaly poles in extra dimensional models, even for a gauge 
invariant lagrangian whose anomaly on the brane has been cured by the inflow, implies the 
presence of additional unitarity bounds on the effective actions of the induced (4-dimensional) 
theory on the brane. Therefore its completion requires necessarily the entire extra-dimensional 
construct. As we have already remarked above, the breaking of unitarity induced by the 
presence of these amplitudes (and poles) is unrelated to other sources of breaking, attributed 
in the past to the sum over the KK excitations. 

9 Conclusions 

The presence of anomaly poles in the perturbative expansion of the effective action, appears 
to be an essential property of anomalous theories, even in the most general kinematical con- 
figurations of the anomalous correlators. We have shown that only a complete computation of 
the effective action allows to identify such contributions, which affect the UV behaviour of a 
correlator even if they are decoupled in the IR. The goal of our work has been to show that more 
general anomaly poles are present in the perturbative description of the anomaly. Previously, 
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the appearance of these terms was considered a pure IR phenomenon, while their isolation in 
the L/T parameterization was probably considered an artificial result due to the presence of 
Schouten relations in the anomaly graph. We have also shown how the Schouten relations can 
"dissolve" a pole, by allowing its rewriting in terms of additional form factors which are not of 
polar form. However, we have shown that the true meaning of the pole and its irreducibility 
becomes evident from the UV study of some amplitudes. These are pole dominated and become 
harmless at high energy only by the subtraction of the longitudinal components induced by the 
presence of these terms. A similar result holds also for models with extra dimensions when 
a mechanism of infiow is invoked to restore gauge invariance of an anomalous theory on the 
brane. 

In our work we have performed a complete and very detailed analysis of all the relevant 
regions of the anomaly graph, identifying all the relevant sources of singularities in the correlator 
and generalized the L/T parameterization to the massive case. This result has been used to 
derive an effective action which generalizes the Euler-Heisenberg result to anomalous theories. 
In a companion work we are going to investigate the significance of anomaly poles in the case 
of conformal anomaly, showing the perfect (and striking) analogy with the patterns of anomaly 
poles discussed in this work. 
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10 Appendix A. Poles and residui for massive gauge 
bosons 

We are interested in the limit 

c) si = S2 = Sy^O m = 0. 
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In this case only few simplifications occur in the complete expressions of the amplitudes Ai since 
the only surviving symmetry is the one between Si and S2 and no momentum is set to zero. 
The expansion of the three point function is the most general one and the invariant amplitudes 
are given by 

i 



Ai(s,M\M'^) 



A,{s,M\M^) 



47r2 



(144) 



AAs,M\M^] 



7r2s2 (s - 4M2) 
i 



2 $Af (s - M^) 



- 6sM^ + 2 (2M2 + s) log 



"M2" 






s 





i 



+ 



2sM^ + {s^ - 4M^) log 



27r2s (s - 4M2) 

with the functions ^{x,y) and X{x,y) defined in this specific case by 



8M^ 



(145) 



(146) 



,M2 M2 



1 



log^ 



2M2 



s{Xm + 1) - 2M2 



+ 4Li2 



2M2 



-s(Am + 1) + 2M2 



7r2- 



Am = \{M^/s,M^/s) 



1 - 



4M2 



(147) 
(148) 



as in Eqs. (fTMTl) . with x = y = W^/s. 

As usual, a symmetric configuration of this type yields 



A2{s,M\M^) 
A,{s,M\M^) 
AAs.M\M^] 



-Ai(s,M^M^^ 



-A4(s,M2,M2) 
~A,{s,M\M^) 



(149) 
(150) 
(151) 



and in the total amplitude only few simplifications occur 



+A,{s, M\ M') k2) + A,{s, M\ M^) r^^'^ih, k^) 



2\ X/ii/ / 



(152) 



The analysis of the spurious pole at s = requires the analytic continuation in the euclidean 
region (s < 0) according to the ir] prescription: s —' s + ir], M"^ — > M'^ + irj. In this case the 
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only trascendental functions requiring the analytic regularizations are the logarithmic ones, the 
dilogarithm being well-definite since 

2M2 



-s(Am + 1) + 2M2 



< 1 for s < 0. 



(153) 



Then we substitute 



log 



log 

2M2 



M2 



— tr] 



-2M2 + s + sX 



17] 



log 
log 



M2 



— m for s < 
2M2 



-2M2 + s + sA 



(154) 

m for s < (155) 



into the expressions of A^[s, M^, M^) and ^4(3, M^, M^) and perform the limit for s ^ 0. We 
obtain 



lim s A(s,M^M2) ^ Q 



z = 3, . . . , 6 



and also 



lim s A^'^'^(s,M^M2) = 0, 



(156) 



(157) 



showing that in the presence of external massive gauge lines the triangle amplitude A^'^'' exhibits 
no poles. This can be confirmed by a parallel analysis based on the L/T parameterization whose 
coefficients are 

s 



wl{s,M\M^) 



:i58) 



w;5.+^(s,M^M2) 



Ai 



+ 



(s-4M2)2 
4i 



[s + 2M2) log 



M2 



2M2(s-M2)^ 



w> 



s - 4M2 ' 



(159) 
(160) 



Combining the previous results, the whole amplitude becomes 
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WLis, M\ M2) A;V[/i, z/, fci, ^2] - w;^""^(s, M2, M'') t^Hih, k^) 



Ml 



t2 t,j2\+{+) 



(161) 

At this point we perform the same analytic continuations discussed above, shown in Eqs. (I154fl55p 
and take the limits 



lim swl{s,M^,M^^ 



Ai 



lim swf'{s,M^,M^2)t);J^{h,k2) = -Ai 



(162) 
(163) 
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which, in combination, give a vanishing residue also in this parameterization 



hm s W^^"" {s,M^,M'^) = 0. 



(164) 



When the mass of the fermion in the loop is non vanishing, m 7^ 0, we consider cases d), e) and 
/). We take the appropriate limits starting from the expressions in Eq. fl28ti3l?l) obtaining 

d) kl = kj^O A; V m ^ 



Ai{s,0,S2,m ) 
v42(s,0,S2,m^) 

^4(s,0,S2,m^) 
A5(s,0,S2,m^) 



2 

m =, 



^1 n -::_r 

47r2 ^ 47r4 (s - s^) ' 27r4 °' 



2 

m ^ 



47r2 ^ 47r4 (s - S2) It:^ °' 
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S2 



27r2 (s - S2) 27r4 (s - S2) 



2D2 
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TT^ {S - S2) 



27r4 {s - S2) 

S2 

71^3 + S2Y 
(2S + S2)S2 



(165) 
(166) 

(167) 
(168) 



27r4(s - S2y 



IS2 



7r^(s2 - s)'^ 7r2(s - S2) 



2' 
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where D2 is defined in Eq.fp4l). while Di and Cq are the two si — limits of Di and 
Co('Si, S2, s, m^) respectively, that is 



Di = hm Di(s, 31,171^) = irr'^ 



2 — as loj 



Co = lim Co(-s, -51,52, m^) = -— 

si^o 2(s — S2) 



Q3 + 1 
as - 1 

, 2 «2 + 1 , 2 «3 + 1 
log - log 



a2 — 1 03 — 1 

The coefficients of the w's in the L/T formulation, in this case, are 

4i Sm^ 



(170) 
(171) 



Wl{s, 0,32,771^) 
w!^\3, 0,32,171^) 



5— Co, 

3 'n'^3 



7r2(s — 32^ 



AiTT^3 + 2(s + 32)Di + A3 (2 + S2) Cq 

2 {3^ + 4:323 + 3l) 1 

H J^2 , 

S - 32 J 
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(172) 
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w!j, \s, 0,32,171^) 



AiTc'^s + 2{s + S2) D1 + AS2 (2 + s) Co 



2 {s^ - Qs2S - si) 

S - S2 



D, 



TC'^{S - 82)^ 



Ai7r^S2 + 2{s + S2) D1+AS2 (2 + s) Co 



2{-s^ + QS2S + si) 
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Furthermore, in the case in which the massive amphtude has both external vector hnes on-shell 
e) kl = kl = V m^O 



one obtains 



/li(0,0,s,m2) 
A3(0,0,s,m2) 
A^{0,0,s,m^) 
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-Ae{0,0, s,m^ 
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(176) 
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(178) 



2tt'^s \ " ° 03 — 1 

These simple results are obtained with a limiting procedure, starting from the scalar triangle 
diagram with off-shell external lines and involves the function $(x, y) [18] already encountered 
in the explicit expression of the Rosenberg parameterization. Instead, for the L/T parameteri- 
zation we obtain 

^2 2/03 + 1" 



wl(0,0, s,m^) 
w!^\0,0,s,m'^) 



Ai 
s 



m , 
1 + — log 

s 
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3 + — log 

s 



as - 1 

2 f as + 1 
a-i - 1 

0. 



- as log 



Q3 + 1 



^(0, 0, s, m^) = w^'{0,0,s,m' 
Finally, the particles can be on-shell and both of mass M and in this case we obtain 
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f) A;2 = M2 kl = M^ e^O m^O 
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In the previous expressions we have denoted by Cq the complete expression Co(si, S2, 
Eg. (135!) computed at si = S2 = M^. In addition to this we have defined 



'2 2 



m ) = ITT 
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aM log - as log 
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Aim? 
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Similarly, the expressions of the w's invariant amplitudes in the L/T parameterization for the 
massive triangle amplitude are given by 

*"-C„, (187) 
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11 Appendix B. Results and conventions for the tensor 
reduction 

We collect here some of the definitions and formulas that we have used in the main sections. 
We have defined 

and the unique scalar three-point function with all the momenta off-shell and k ingoing, /ci,fc2 
outgoing 

/I ZTT^ 

where the $(x, ?/) function is defined in Eq. [161 The explicit expression of the unrenormalized 
massless two-point scalar integrals in d = 4 — 2e with e > is 
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5o(r) = m 

with a singular part in 1/e, defined as 



2^ 

,2n -2 



(192) 



11, , . 

- = --7-ln7r. (193) 

The singularities in 1/e and the dependence on the renormalization scale cancel out when 
taking into account the difference of two of these two-point scalar function Bq. 
The master integral used for the mj = m 7^ case is 

.2 ;^2 i„2 /■ .J 1 



-ZTT^ dw dz— ^ (194) 

ow'' + az'' + cwz ~ bw — (a + c)z + m'^ 



^0 



for the one-loop three-point function with a = kf, b = k"^, c = 2ki ■ k2- This parametric form of 
the scalar triangle has been used in the numerical check of our results for the form factors Ai 
against those given by Rosenberg in [12]. 

The difference between two one-loop two-point functions has been defined in Eg. f l34l) as 



ai + 1 as + 1 
tti log - ag log 

ai — i ^3 — 1 



1,2. 

(195) 



All the invariant amplitudes Ai have been expressed as functions of Di introduced in Eq.(l3i 
showing that the singularities coming from the two-point scalar functions and depending on 
the different momenta fc^, kf and k"^ perfectly cancel when inserted in the complete expansion 
of the invariant amplitudes A^ for e — > 0. Notice that dimensional reduction and dimensional 
regularization with a partially anticommuting 75 give consistent answers for the anomaly loop 
with no need of a finite renormalization. 

References 

[1] N.N. Achasov, JETP Lett. 56 (1992) 329. 

[2] J. Horejsi and O. Teryaev, Z. Phys. C65 (1995) 691. 



39 



[3] R. ArmiUis et al, JHEP 10 (2008) 034, 0808.1882. 

[4] S.R. Coleman and B. Grossman, Nucl. Phys. B203 (1982) 205. 

[5] M. Giannotti and E. Mottola, Phys. Rev. D79 (2009) 045014, 0812.0351. 

[6] R.S. Chivukula, D.A. Dicus and H.J. He, Phys. Lett. B525 (2002) 175, hep-ph/0111016. 

[7] R.S. Chivukula et al., Phys. Lett. B562 (2003) 109, hep-ph/0302263. 

[8] A. Muck, A. Pilaftsis and R. Ruckl, Phys. Rev. D65 (2002) 085037, hep-ph/0110391. 

[9] C.T. HiU, Phys. Rev. D73 (2006) 085001, hep-th/0601154. 
[10] A.D. Dolgov and V.I. Zakharov, Nucl. Phys. B27 (1971) 525. 
[11] M. Knecht et al., JHEP 03 (2004) 035, hep-ph/0311100. 
[12] L. Rosenberg, Phys. Rev. 129 (1963) 2786. 

[13] N.L Usyukina and A.L Davydychev, Phys. Lett. B305 (1993) 136. 

[14] B.A. Kniehl and J.H. Kuhn, Nucl. Phys. B329 (1990) 547. 

[15] G.J. van Oldenborgh and J.A.M. Vermaseren, Z. Phys. C46 (1990) 425. 

[16] F. Jegerlehner and O.V. Tarasov, Phys. Lett. B639 (2006) 299, hep-ph/05 10308. 

[17] R. ArmiUis, C. Coriano and M. Guzzi, JHEP 05 (2008) 015, 0711.3424. 

[18] N.I. Usyukina and A.I. Davydychev, Phys. Lett. B298 (1993) 363. 



40 



